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Rigorous Derivation and Analysis of Coupling of
Kinetic Equations and Their Hydrodynamic
Limits for a Simplified Boltzmann Model
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In this paper we derive rigorously the coupling of kinetic equations and their
hydrodynamic limits for a simplified kinetic model. We prove the global con-
vergence of the Chapman-Enskog expansion for this model. We then study the
existence theory and asymptotic behaviour of the coupled systems. To solve the
coupled problems we propose to use the transmission time marching algorithm.
We then develop a convergence theory for the resulting algorithms.
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1. INTRODUCTION

The Boltzmann equation is one of the most important tools in gas dyna-
mics calculations when physical phenomena of a molecular scale cannot be
neglected. In this case the model of continuum hydrodynamics cannot be
any-longer considered valid for the applications. But, when the mean free
path gets too small, the numerical solution of Boltzmann equations
becomes impossible because the discretization step of the associated grids
must be smaller than the mean free path. The classical solution consists
then in replacing the Boltzmann equation by its fluid limit obtained when
the mean free path goes to zero. In this paper we shall study an alternative
method to these classical methods. Our analysis will be done for the linear
Carleman model, which is a simplified model of the Boltzmann equation.
However, to give a motivation for our methodologies, we shall present in
this introduction, a brief discussion based on the full Boltzmann equation.
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The hydrodynamical limit theory aims to find the connection between
the Boltzmann equation and the hydrodynamical equations (Euler and
Navier-Stokes equations). This can be formulated as the search of asymp-
totic relationships between solutions of these equations. This connection
results from two types of properties of the collision operator:

(1) Conservation properties and an entropy relation that implies that
the equilibrium distribution corresponds to a Maxwellian for the limit at
the order zero.

(2) The derivative of the collision operator satisfies a formal
Fredholm alternative with a kernel related to the conservation properties
of (1).

The compressible Euler equations are obtained formally using the
conservation properties and the entropy dissipation which are consequen-
ces of the properties of the collision operator. In the Chapman—Enskog or
Hilbert expansion® of f in € = K, the compressible Euler equations are the
leading-order dynamics.

Since the compressible Euler equations generally become singular after
a finite time,*” any global in time convergence proof cannot rely on
uniform regularity estimates. In ref. 1 assumptions are made on the kinetic
level. The authors assume a formally consistent convergence for the fluid
dynamical moments and entropy of the solution of the kinetic equations.
A more detailed knowledge of the collision operator is needed in order to
obtain the compressible Navier—Stokes equations. These equations arise as
corrections to those of Euler at the next order in the Chapman-Enskog
expansion. Strong hypothesis are needed on the regularity of solutions of
the compressible Navier-Stokes equations in order to make sens of these
expressions. The results available up to now consider only the case of the
full space or periodic domain. "> 7-20

In presence of obstacles boundary conditions must be specified. When
the Knudsen number is extremely small (very dense gas), the classical
hypothesis of no-slip boundary conditions give accurate boundary condi-
tions. However, for the intermediate regimes defined as the regimes for
which the Knudsen number (K,) which measures the ratio between the
average time separating two successive collisions of a given particle and a
characteristic time of the flow satisfies either:

(a) K,<0.510"!or
(b) 0.5107'<K,<10.

In the first case it is assumed that the Knudsen number is not extremely
small (K, << 0.5107"), because otherwise the standard continuous model is
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valid, a breakdown of the aerodynamic theory in the region neighboring
the obstacle (the so-called Knudsen layer) is observed and boundary con-
ditions of slip type must be specified. The Chapman—Enskog expansion (or
any other method based on the use of a finite number of moments) does
not in general satisfy the kinetic boundary conditions. Therefore, this
expansion is not valid in the Knudsen layer which is of width of the order
of the mean free path.

The standard solution is to use analytical slip boundary conditions as
described in refs. 13, 6, and 9. But the constants which are involved are
hard to identify and their validity is questionable. On the other hand, the
direct simulation of the kinetic problem is rapidly too expensive, because it
requires one computational cell per mean free path. To overcome such dif-
ficulties many authors have recently tried to use intermediate asymptotic
models such as Burnett equations.® However, in ref. 10 the authors have
shown that the Burnett equations are in violation of the second law of
thermodynamics thus explaining their long history of numerical difficulties.

On the other hand when the mean free path is roughly one thousand
times smaller than the length of the obstacle these asymptotic models are
no-longer valid.

In ref. 23, the author proposed a fundamental strategy that permits
the coupling of different models and/or different approximations to
compute the solution of the exterior domain problem. This strategy has
been applied to the coupling of Boltzmann and Euler or Navier—Stokes
equations.®?” 1% 39 Thys for the solution of intermediate regimes (as
defined above) this method consists of coupling the hydrodynamics equa-
tions (Euler or Navier—Stokes equations) with the Boltzmann equation.
The resulting method involves additional mathematical difficulties related
to the matching of equations of the two models. However, this approach
has several computational and physical advantages. One of the great
advantages is the use of the correct model related to the physical features
of the flow.

The application of this approach to the solution of Boltzmann equa-
tion for external domain problem consists of the following steps

(1) Domain decomposition of the external field into the domains,
possibly overlapped, of validity of Boltzmann equation and of the hydro-
dynamic equations.

(2) Solution of the kinetic equations in the domain of validity of
Boltzmann equation.

(3) Solution of hydrodynamic equations in their domain of validity.
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(4) Coupling of solutions to the two models, the continuous and
kinetic ones.

We should notice here that these methodologies yield coupled
problems through transmission boundary conditions, which are obtained at
the modelling level of the physical phenomena. Therefore these methods
cannot and should not be classified as domain decomposition methods. We
shall develop in the next sections the mathematical foundations of these
methodologies for the Carleman model of Boltzmann equations. In the
next section we shall derive the hydrodynamic limit of the kinetic model
and then prove global convergence of Chapman-Enskog expansion. In
Sections 3 and 4 we shall study these methodologies for the simplified
kinetic model. This includes the existence theory, the asymptotic behavior
and the convergence analysis of the transmission time marching algorithm
applied to these coupled problems.

2. THE KINETIC EQUATIONS AND THEIR HYDRODYNAMIC LIMITS

We consider in this section the following linearized Carleman sys-
tem.®

ou Ou

n +a=a(v—u) on ]0,1[ x1]0,TT[, 1)
o 8

a—:—éi:a(u—v) on 10, 1[ x 10, T, @)
M(O, ) = Uy U(Oa ) = Uy, (3)
u(t, 0)=g() vz, 1)="h(), “4)

where t€]0,T[, T >0, xe[0,1] and u(z, x), v(¢, x) are functions of x
which represent probability densities for particles moving in the positive
and negative x —direction, respectively. a =" is a positive constant with e
the mean free path, g(¢) and A(¢z) are two nonegative given functions
describing the boundary data, and u, and v, are two nonegative functions
describing the initial data. This model describes a random walk in one
dimension. System (1)—(4) has a unique strong solution. In this section, we
shall derive the hydrodynamic limit of this kinetic model and prove a result
about the convergence of the kinetic model to its hydrodynamic limit as the
mean free path € goes to 0. We introduce the notations

v=|" M= o U =| 5
S N ®
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and

1 -1
0w W) =3 tw=0+om—w1| | ©

Now Egs. (1)-(2) can be written as follows

ou ou 1

The only collision invariant of the collision operator Q(U,U) is
Y, =[1, 1]. The fluid moment is then defined as p = {y;, U) = u+v. The
local Maxwellians correspond to the vector solutions of the equation
QW ,W)=0. In this case, w, =5 p, w, =1 p. Now let i, be such that
and , form a basis for R% i, = [1,—1]. Introducing m = {i,, U> = u—v,
we obtain: U = py, + myjs,. Here p corresponds to the fluid component of U
while m is the non-hydrodynamic component. Taking the projection of Eq.
(7) into ¥/, and yr,, we obtain

dp Om

E+a—0 ®)
om dp 2

it e ©)
p(x, 0) = uy(x) +vo(x) = 1(x) (10)
m(x, 0) = uy(x) — vy (x) = p(x) )

The Chapman-Enskog procedure consists in expanding the non-
hydrodynamic component m in a power series of €: m =), €"m,. Inserting
this in the equation and comparing terms of like powers (in €), we obtain

my =0 (12)
o _ —2m, (13)
Ox

om

a_tl = —2m, (14)

om

=t = —m,., (15)
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Combining the above equations and neglecting the terms in €? we get
% 4 €% = (). Hence we have

op 1 0%
% 200 (16)

which corresponds to the first order approximation in the Chapman-—
Enskog expansion. This equation is a Navier—Stokes like approximation of
the Carleman equations (1)—(4). Assuming that the solution p of the
hydrodynamic equation (16) is bounded below by a positive constant

p>po>0, a7
we obtain
miny, p(x, 1) < p(x, 1) < maxy, p(x, 1) (18)

where I'; =1 x[0,T7]. We shall assume that the boundary terms
min_ p(x, t) and max,_p(x,t) are independent of T then p is bounded
independently of 7. This hypothesis is important for the obtention of the
main theorem of this section.

Since the Chapman—Enskog terms do not satisfy the initial conditions
we shall introduce correcting terms. Let 7 =1, substituting into Egs.

(8)—(11), we obtain

10p Om
“ (et 5 (e =0
1 0m

T @+ 2 (x, e = 2 mie)

Let 5 and 7 be the initial layer solutions and p¢, m¢ denote the
complete solution of Problem (8)—(11): p¢= p+ 5, m® = m+ni. We expand
the initial layer solutions in power solutions of €: p=> €"p,, i = €"hi,.
The Chapman—Enskog solutions are expanded in Taylor series around the
point € = 0.

0
P, €2) = p(x, 0)+et = (x, 0)+ -

(19)
om,
m,(x, er) =m,(x,0)+et TS (x,0)+---
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We also write

p(x, 0) = 1o(x) +em(x)+ -

(20)
m, (x, 0) = m(x) +em,(x) + -
We then obtain
‘= (ot pe ) te( e (x,0) )+
P =(po+px, Pt (X @)
m® = (g +my(x, 0)) +e(, +tm (x,0)+ - -
Substituting into Egs. (8)—(11), we obtain
9Py op, | Omy
—=0 —+—=0
ot ot + 0x
a}’;lo ~ 81’711 aﬁo ~
—==-2 —t—=-2
ot o ot + Ox g
Subject to the conditions lim, _, ., g, =0 and lim, _, , p, =0, we have
Po(7) =0, iy (7) = [lo(x) e o
. 10 . (22)
P1= _5%3_22 1y = i (x) e ™™
Expanding now # and y in power series, we obtain
n(x) = (1o(x) +em(x)+ - )+ (P (0) +€p (0) + ---) 23)
H(x) = mg" + g +€(mg” +mP + i) + -+
Using the relations m, = 0 and p, = 0, we obtain
(x) =no(x) +€(m (x)+ 51 (0)) + -
n Mo m P1 (24)

H(x) = flo +e(m P+ i) + -+
Now we want #(x) = #,(x). So we choose #; such that

mx)+p(0)=0,  7(x)=0 Vi=2 (25)
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Similarly we want u = fi,. So we choose: m'” + ji, = 0. We then obtain

1 0, 10u
M) = =3 ax ~ 20x
(26)
A= —m® =, = _Log_ _1om
! ! ! 2 0x 2 0x
Since m; = —1%, we obtain m, (x, 0) = —1 2 (x,0) = —1 2 . Hence we have

p(x,0)=n(x) =1,

m(x, 0) = f
Po(1) =0
1y (7) = flg(x) e ™™
N 1od, _,,
P =—32te
iy = fy(x) e

Now assume that: p°=p+ep,+€’u, m°=rm,+em,+e’, satisfy the
equations

op¢ Om°¢
a0

om¢ 0p° 2
o Tox T e

Using the equation 2+ €% = 0, we obtain

op, , ,0u O, 0my ,00
€ o T gt o T T 5 =0

0p,  Om, 0oy €2<5u av>=0

e T Tl

ot Tox
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This yields

6u ov 1 omy,
5 T Teox @7)

On the other hand, we have

2, L0u_ Oy om0y Op 0P 2. e o
ot Ox ot ot ot ox “ox e ° ! !
(28)
Since 20 = 1% — _ 24 and m, = —1 2, we obtain
6v+6u_ 21; 2177 10m, 10m, 10p,
ot dx € € ' e€odt e 0t €ox
2 lom lap1
T € € 0t € Ox
2 1
=——v——W(x,1) (29)
€ €

Therefore u and v satisfy the following system of equations

6u ov 1 omy,

% Tox eox
6v+6u_ 2 lW( 5
ot Tox el e \o

We now derive the boundary conditions for the error equations

10
p(x, 0) = n(x) +emmy = —5
20x

( 0)__16_’7_1 aﬂlaml _1%
i ) = T ox 20x e 2 0x

Since m‘(x, 0) = fi, = u, we have

fgh=-m®  jg,=-m{" (termine?)
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This yields the initial data for the error equations
u(x9 0) = 09 U(X, O) = _mgl)(e)

where
m6) =2 (6e)
€

is the remainder in the Taylor expansion of m;(x, 0) around the point
€=0. The function m{’(f) is bounded and continuous. Now set
w =1, +5 vy, then Egs. (8)—(11) become

ow, ow; 1 1om, 2 1
ot + Ox _2< € 0x € eW
ow, ow; 1 1om, 2 1
7‘%7(‘2%*‘“*?

Hence we have

7 1 -1
a_w_+_Va_W =—l<%l//1+Wlﬁ2>—l< >W
0x €

ot Ox 2e -1 1
1/ om, 1
-5 (Few +W%>—;Lw (30)
W, 0) = 20, 0) Y = —3 m(6) v = &)

Next we give some properties of W and %2, This is stated in the following
lemma.

Lemma 2.1. The functions W and %% satisfy

j°°||W||dz<Ce (32)
0
O
Th e < ce (33)
ox
where || -|| denotes the norm in C([0, 1]) and C is a constant independent

of e.
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Proof. Using the relation (13) it is enough to prove that p and its
derivatives satisfy (32). Without loss of generality we may assume that
p(0) = p(1) =0. Let ¢ be a positive function to be precised later. Multiply-
ing Eq. (16) by ¢p and integrating by parts we obtain

afere oo o

We then have
2d:f¢’” 4[‘”"”2<0 (35)

We shall construct ¢ such that —§ ¢” = ygp, where y > 0 is a constant to be
precised later. Setting = j @p*, we obtain

d
SO+ 20() <0 (36)

from which we deduce that
¥ <e Y(0) (37)
On the other hand using (17), we obtain

v > [ opo (38)

We can choose ¢ >0 such that y=1, ¢ >%||p|| with >0 indepen-
dent of €, and such that we have o

Y1) Z o |lpll (39)
and
[ ol < ce.
Similarly we prove that
0 ap 0 ap
fo P < Ce, fo EH<C€, etc---
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From this we conclude that 58" |[[W || dt < co. The proof of the second
inequality in the lemma is a consequence of the construction of f, and f;.
The lemma is proved.

We shall now study the problem (30)—(31). This problem has a mild
solution in the Banach space B=C[0, 1]xC[0, 1]. In fact, the operator
Aw=V2+! Lw for we D(A,) where

D(4)={feB; feC)

has a closure A4, that generates in B a two-parameter family of contractions
V (¢, s). More precisely we have the lemma

Lemma 2.2. The closure 4, generates in B a two-parameter family
of contractions V (¢, ).

The proof of this lemma is similar to the proof of a similar lemma
stated in ref. 21. The operators V' (¢, s) allow us to write Problem (30)—(31)
in the integral form

1 o o,
w() =V (£, 0) wo— 5 J V() <% U AW, > ds (40)

We have the following lemma.

Lemma 2.3. The problem (40) has a unique solution w(z). Moreo-
ver w satisfies

vl <C

where C is a constant independent of € and 7.

Proof. 1If w is a solution of Problem (40) then using Lemmas 2.1
and 2.2, we obtain

ot < -4 [ o (| 5

+w )

J o,
SC+o- : —
Ctog [P sl <” -

+||W||>
<C

The existence and uniqueness of a solution to Problem (40) is a con-
sequence of the theory of Volterra integral equations.
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Combining the last lemmas together with the construction of the
Chapman-Enskog and the initial layer expansions we obtain the following
theorem.

Theorem 2.1. The initial problem (30)—(31) has a mild solution f(¢)
on the time interval [0,+ oo[. The solution f(#) is uniformly bounded in B
for ¢ € [0,+ o[ . Moreover, we have the following estimate

£ () =3(p+€pr) ¥ —3 (g +emy +eriy) || < c€?,

where

% pY, +% emy,

and
% Py +%(”~10 +€rty) Y,

are respectively the Chapman-Enskog expansion and the initial layer
expansion obtained at the beginning of this section.

This result differs from the result in ref. 21 in that it provides global
convergence of the Chapman—Enskog expansion. However, our results are
obtained for a linear model while the results in ref. 21 are obtained for a
nonlinear model.

Remark 2.1. In the next sections we shall consider initial data which
are of the form of a local Maxwellian at z = 0. In this case the e-dependence
disappears on the level of the Navier—Stokes equations and the initial layer
corrections are not needed.

3. COUPLING OF KINETIC AND THEIR HYDRODYNAMIC LIMITS:
THE MODEL (a)

Let X=10,1[ and X, =1]0,Ah[, X, =1h,1[ (0O<h; <1). Assume
now that in X, the hydrodynamic theory gives poor approximation to the
density of particles, but gives good approximation outside X,. Then we
propose the following physical model consisting of two models: the kinetic
model (here the simplified (Carleman) Boltzmann model) used in X and its
hydrodynamic approximation used in X,
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Ou; 0

P M o —w),  xel0m[, >0, (41)
ot Ox

O i —v),  xelO [, >0, (42)
ot Ox

1 €0
w0 =g0)  ueh)=3(p 5T )@ >0 @

op, 1 0%,

S 5€5a=0  xeln Il >0, (44)
pe(h) =u(h)+oi(h)  p (-, 1)=h(), >0 (45)
(0, ) =1uy 0,(0, -) = vy, pg(09 )= Pgo (46)

where g, h, uy,, v}y, and p,, are given nonegative data. The transmission
boundary conditions (43) and (45) are obtained using the hydrodynamic
limit analysis performed in Section 2. The resulting model is called the
model (a). Using the analysis of Section 2, it is clear that this model is
rigorously justified. Notice that Problems (41)—(43) and (44)—(45) are only
coupled by their boundary conditions. Therfore they can be solved by two
independent solution techniques. In this section we shall develop the exis-
tence and asymptotic theory for the model (x). We shall also propose an
algorithm for the solution of this coupled problem and then establish its
convergence theory.

3.1. Existence Theory

In this paragraph, we shall study the existence and uniqueness of a
solution for the coupled problem (41)-(46). We shall work in the Hilbert
space

H = (L[0, by ])*x (L[ 1y, 1]),

with the following norm

1
[[(wy, wa, ws)|| = (llwllliz[o,h1]+”w2||§,2[0,h1]+ ”w3||iz[h1,1])2



Coupling of Kinetic Equations and Their Hydrodynamic Limits 269

We have the following result.
Theorem 3.1. Assume that (u, vy, pyo) € H, then the coupled
problem (41)—(46) has a unique strong solution (u,, v;, p,).

We shall give the proof of this theorem for the homogeneous bound-
ary conditions: g(#) =0 and A(¢) = 0. By a standard argument the proof in
the nonhomogeneous case can be reduced to the homogeneous case.

We introduce an operator 4 on H as follows

wi+a(w, —w,)
A(wl’ Wy, W3) = —W;+a(W2—W1) > (47)

1 ”
—26W3

(wla W2, W3) € H | wlla W,Z € Lz[oa h1]9 andw;l € Lz[hl, 1]
D(A) ={w;(0) =0, w,(h;) = %W3(h1)+iw’3(h1), wi(hy) = wi(h) +wy(hy),
andw;(1)=0

It is clear that D(A) is dense in H. We shall apply the Hille-Yosida
theorem. Let A be a real number and let f € X. We shall study the problem

find w € D(A) solution of Aw+Aw = f, (48)

which corresponds to finding w € D(A) such that

wit(a+d) w—aw, = f, (49)
—wh+(a+A) wy,—aw, = f,, (50)
—lewi+iwy = f3, (51)

By a density argument we may assume that f,, f,, and f, are contin-
uous. By elementary methods we obtain the general solution of System
(49)-(51).

We shall now prove the estimate: ||w||, < = [If1l, VA > 2, where ||-]],
is a norm equivalent to the norm ||-|| to be precised later. Let ¢,, ¢,, and
@, be three positive functions (of x only) to be precised later. Multiplying
Eqgs. (49)-(51) respectively by @,w,, @,w,, and @,w,, integrating by parts,
using Cauchy-Schwarz inequality, and combining the resulting equations,
we obtain



270 Tidriri

J a+ 4 1 + ( )
5 X 1 2(P1 W1 P1Wy
f¢1w2+f[ 5 ts (pz]wz > (2wd)g
J(P2W1+J< @3 — 4(P3> 3+ €f¢3(W3)2
€, a1 1 ’ 1
+Z(¢3W3)h,_§€((ﬂawswa)h,
<o [oufitas [0:f345: [0:13 (52
Sop) T ) TR gy ) TR
Using the coupling boundary conditions we obtain

€
(§01W1)0 ((P2W§)gl+z(¢3w )hl 5((/’3W3W3)h1

=3[ 2160 W)= 0,00 w3+ 0,000 wiO)
=5 ) W) 4wl waCh) =2 00) i) |
>5[ 0160 Wi -0 + 20,080 wih)
#2000 w30)+( =5 9l ~dg.h) ) withy) | 53
On the other hand we have

22(0) w3(0) = @, (0)(w3(0) —w3(hy)) + @2(0) wi(h,)

hy ,
W) =wilh) = =2 [ wiw,

=2 <le faWs, +aIZ1 wiw, —(a+ 1) jzl w%)

1

< falli+a [ wi
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Pluging this in (52), we obtain
J[Q;A% ;cﬂl 2%(0)—5%]%
+f[ 2% 2@1]W2+f[ @3 — Zf/)’g’]w3+ efqog(ws)
%[(/h(h ) wilhy) + (92(0) = @ (hy) —205(hy ) wi(hy)
(5 s+ 4uth) )i |

<y;] @S35 [ 01345, 0:0) [ 1345 [ 01 e

We shall construct ¢;, ¢,, and ¢, such that they are positive functions,
have lower and upper positive bounds independent of A and satisfy

a+4 1

5 QX P11 2(01 2¢2(0)__(P2>A1>0
a+i 1
) (P2+2(/’2 2(P1>A2>0

A € ,
5?3_Z¢3>A3>0

02(0)— @, (hy) =205 (1) > A, >0

E ’
) @3(h)—49;(h) > 45> 0

where A4,, A,, A5, A4, A5 are positive constants independent of A. It is then
possible to construct ¢,, @,, and @, positive functions bounded below and
above, and independent of A, such that

a+2 1 A
> —Q P1— 2(P1 2‘?2() 2§02 2(P1

a+i 1 A
2 ¢2+2¢2 2(P1 2¢2

ek
—Efﬂs =?(ﬂ3
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and such that all of the above requirements are satisfied and such that
@, < ,(0). The constant k is a positive number determined by the con-
struction of these functions. We conclude then that ||w||, < ;%5 || f]l, VA> 2,
where ||w||, = | @,w}+ [ @,w3+ [ @,w3. The completion of the proof follows

from Hille-Yosida theorem.

3.2. Asymptotic Analysis of the Coupled Systems

We shall assume that there are nonegative constants g and 4 such that:
lim, , g(t)=g and lim,_ , A(t) = h. We shall also assume that ah, >2
(a=1). Then we have the following result about the asymptotic behaviour
of the solution of the coupled problem (41)—(46) for large time.

Theorem 3.2. Assume that uy,, v, € L’[0, 4] and p,, € L’[hy, 1].
Then the solution of the coupled problem (41)-(46) converges as ¢ tends to
+ oo to the solution of the corresponding steady problem.

Proof. Without loss of generality, we may assume that g =g(z) =0
and A= h(t) =0. Let (u,, v,, p,) denote the solution of the steady problem
corresponding to Problem (41)-(46). Such steady solution exists and is
unique. Let i, 0;, and p, be defined as follows

zil =u, —u, and o,=v,—v, x€]0,[, t>0, 55)
pg=pg_ps5 xe]hb 1[’ t>0,

where (u;, vy, p,) is the solution of the coupled problem (41)—(46). We then
have

E—'—a:a(al_al): xe]07 hl[: t>0’ (56)
%_aﬂza(ﬂl_ﬁl)a xe]O, hl[a t>09 (57)
ot 0x
_ _ 1/_ €dp,
ul(z5 0)=0 Ul(t9 h1)=§ pg+§a (t’ hl)’ Z>0, (58)
op, €d’p,
rs__ — 1
% 20 0, xe I, 1[, t>0, (59)
Pe(t, hy) =i (2, hy)+0,(2, hy) p.(t,1)=0, >0, (60)
i (0, ) = il 0 (0, ) =Dy ﬁg(O, ) = ﬁgO‘ (61)

We shall omit the bar sign. Let ¢,, ¢, and ¢, be three positive func-
tions independent of ¢ to be precised later. Multiplying Egs. (56), (57) and
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(59) respectively by ¢,u;, ¢,v, and ¢,p,, integrating over [0, &, ] respec-

tively [4,, 1], using Cauchy-Schwarz inequality, and combining the result-
ing inequalities, we obtain

d h 1 I
E[ jo (<ﬂ1uf+¢zvf)+fhl »:p; ]+Jo (— @ +a(p,—@,)) ui

hy 2 1 apg et 2
+f0 (2 +a(ep, ¢1))vl+6f0</73 ox| "2), PPe
€, op, \'
+§ ((/’3/7;)11:, —€ <(/’3pg _;> + (?’1”%_(020%)31 <0 (62)
h1

Using the coupling boundary conditions, we obtain

€ ’ 2 apg
5 ( —@3(h) Pg(h1)+2¢3(h1) pg(hl) a (h1)>

= =2 @3(m) P+ @3(hy) p, () (B, () =2p,(hy))
> (=50 ~0,0) ) i)~ 204(h) iCh) (©3)

Moreover, we have

92(0) v1(0) — 2005 (hy) vi(hy) = (92(0) — 2003 (hy)) v7(0) + 203 (R ) (v7(0) — V(1))
h al)l
0 ox !

v1(0) —vi(h)

d 2 mo, hy
_EJO 01—2“f0 ul+2aJ0 U v, (64)

Combining (62), (63) and (64), we obtain

d hy 1
E[jo (Pt + (=20 () D+ [ wé]

hy
+[. (—putalpn —p2) = 2ap,(h) u}
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hy
+[ " (@2t alpr = 01) = 6ags () v}

0
+ef o %" 5[ 032000 1) + (920 =294(h)) v}(0)
+< _g @5(hy) _4§03(h1)> P;(hl) <0 (65)

We shall choose ¢, ¢, and ¢; such that

— @1 +ap, —ap, —2ap;(h) =k, on ]0,A4[
o +ap, —ap, —6ap;(hy) =k, on ]0,A4[

€ , €k
_§(P3=?(ﬂ3

#2(0) —2¢;3(h) >0

on ]hb 1[

6 ’
3 @3(h) —49;(h) >0
®> > 205(hy)

where k; and k, are positive constants. It is possible to choose k, >0,
k, >0 and k > 0, and construct ¢,, ¢,, and ¢, positive functions, bounded
below and above such that all of the above requirements are satisfied. The
conclusion of the proof of the theorem is then a consequence of Gronwall
lemma. We then obtain the exponential decay as ¢ goes to co of the solution

(ula Uy, pg)

3.3. Convergence Analysis of the Transmission Time
Marching Algorithm

In this paragraph, we shall propose an algorithm for the solution of
the coupled problem (41)-(46). We then prove that the resulting algorithm
converges. As in the previous section we shall assume that there are
nonegative constants g and % such that: lim, _, , g(¢) = g and lim, _, , A(z) = A.
We shall also assume that ah; >2 (a=1).

Applying the transmission time marching algorithm to Problem
(41)-(46), we obtain
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v'1’+;t— v} d;’;:l — a(u =Y on 10, A, 67)
WH0)=0, oIt (hy) =%<pg“+;a’gn+l>(h) (68)
P?;t /’Z_% d;x"“ —0 on Jn,1[ (69)
pit(hy) = wih) +0i(h),  ppti(1) =0, (70)

and the initial conditions

0_ 0 __ 0 __
Uy = Uy, U1 = Uyo» Pg= Pgo (71)

Here, without loss of generality, we assume that g=g(z)=0 and
h=h(t) =0. The convergence of the algorithm (66)—(71) is stated in the
following theorem.

Theorem 3.3. The algorithm (66)—(71) converges as n tends to co.

Proof. Introducing the notations u, = u}™', v, = 1%, f, =u?, g, = v’
Pe p;‘,“, and f, = py, the algorithm (66)—(71) becomes

bu, +u’ = av, +cf; on ]0, A,

bUl _U,I = au, +Cg1 on ]09 h [’ (72)

w®=0 0 =;( ) +5 T m)

1 d2p
= h,1
2 dx cfg on ] 1» [a (73)

pg(hl)zfl(hl)+g1(h1) Pg(1)=0,

cp,—

with the initial conditions (71). Here, we have used the notation b = a+;
and ¢ = 1. Let ¢, ¢,, and ¢; be three positive functions bounded below
and above to be precised later. Multiplying the equations in (72) and (73)
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respectively by ¢,u;, @,v;, and @;p,, integrating respectively over [0, A, ]
and [ 4, 1], and using Cauchy—Schwarz inequality, we obtain

f a+c 1 a iy
o ) — ¢ 2(01 2‘?2 1
a+c 1
+Jo[ > (/72+2(02 z(ﬂl ]”1+ ((Plul (szf gl
C rh
<3, @ifi+esd (74)

Integrating by parts, using Cauchy-Schwarz inequality, and the
boundary conditions, we obtain

1 /¢ I )\ , € a2
fhl <§ @;— Zews> pg+§fhl ?3(py)
1, 2 1 '
_Z €p3(hy) pg(hl ) +§ €p;(hy) pg(hl) pg(hl)
crl 5
<5/, o (75)
Assuming that ¢,(h;) = 0, the boundary terms become

%((Plu% 2”1) +%€(P3(h1)/7;(h1)/’g(h1)
=3(@1(h) i) +€p3(hy) pi(hy) py(h) —91(0) ui(0) +9,(0) v7(0)) (76)

Using the coupling boundary conditions, we obtain

€p;(hy) P;(hl) Pg(hl) =4¢;(hy)(v,(hy) pg(hl)_% P;(hl))
= _2,052,(}11) @3(hy) +49;(hy) vy (hy) pg(hl)
—205(hy) U%(hl )—4p;5(hy) P;(hl) W)

On the other hand we have

£2(0) 03(0) = 32(0) v3() — 26,(0) [ 03+ 2a0,(0) [ w0+ 2¢0,(0) [ g
(78)
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Hence combining (74), (75), (77), and (78), we obtain

a+tc 1
| S o5 0i-50-am |

+[0[a;rccoz+;<pz S0 (a+c+2b)</)2(0)]v1
1 /¢ I )\ , e i 1 ) )
#[! (5omge0t) pie5 ] orbm43 (ou(h) wilh) = 9,(0) wO)
1
3 €0 p3h) 43 P2+ (92(0) a(h)) viCh,)

crl C rh
<§fhl (p2f§’+§j0 (@1 f 1+ (92 +20,(0)) gD

We shall construct ¢,, ¢,, and ¢; such that

a+c 1 c

— - 2(/71 §§02_a¢2(0)>§¢1

b 1, c
§(P2+§(ﬂz_(a+c+2b)(ﬂ2(0)>§(ﬂ2+c¢2(0)

c 1 , c
§¢3—Z€(Pa>§(ﬂ3
©,(0)—2¢5(hy) > 4,
¢1(hy) > B

where 4, and B, are positive constants. It is possible to construct ¢,, ¢,,
and ¢, positive functions, bounded below and above, such that all of the
above requirements are satisfied. We then conclude that the operator
(u}, v}, pa) = (Wit vi*!, pi*') is a contraction with a constant of contrac-
tion < 1.

4. COUPLING OF KINETIC AND THEIR HYDRODYNAMIC LIMITS:
THE MODEL (B)

Let X = ]0, 1] and assume now that the hydrodynamic theory gives a
good approximation everywhere except on the boundary. Then we take
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X, =10, (0<h, <1) where A, is small, and X, =X. Our proposed
model consists then of the following physical model: the kinetic model
(here the Carleman model) used in X;, which is a small neighborhood of
the surface and its hydrodynamic approximation (here the Navier—Stokes
like equation) used globally in X,

O O oi—u), xe0.m[, >0, (79)
ot Ox
Oov, Ov,
= e =atn—ov).  xelo.m[, >0, (80)

1 €0
w(t0 =g uem)=3(p 5T )@y >0 6D

(0, ) =1uy 0,0, -)=vy, x€]0,h[ (82)
op, 1 p,
5t 2 0, xe]0,1[, ¢>0, (83)
%(-, 0)= %Ul(-r 0 p (&, )=h(), >0 (84)
O0x €
pg(07 ) = Pgo> X € ]O’ 1[ (85)

where u,, vy, and p,, are given nonegative given functions. The transmis-
sion boundary condition (81) at x = A, is obtained using the hydrodynamic
limit analysis of Section 2, while the transmission condition (84) at x =0 is
obtained using the kinetic definition of the flux %. The resulting model is
called the model (f). As for the model («) it is clear using the analysis of
Section 2 that the model (f) is rigorously justified. Notice that Problems
(79)-(82) and (83)—(85) are only coupled by their boundary conditions.
Therefore they can be solved by two independent solution techniques.

4.1. Existence Theory

In this paragraph, we shall study the existence and uniqueness of a
solution for the coupled problem (79)-(85). We shall work in the Hilbert
space

H = (L[0, h ])*x (L0, 1]),
with the following norm

1
[[(wy, wa, wy)l| = (||W1||i2[0,h1]+ ||W2||iz[o,h1]+ ||w3||iz[0,1])2
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We have the following result.
Theorem 4.1. Assume that (u, vy, pyo) € H, then the coupled
problem (79)—(85) has a unique strong solution (u,, v;, p,).

We shall give the proof of this theorem for the homogeneous bound-
ary conditions: g(#) =0 and A(¢) = 0. By a standard argument the proof in
the nonhomogeneous case can be reduced to the homogeneous case. We
proceed as in the previous section.

We introduce an operator 4 on H as follows

wi+a(w; —w,)
A(wy, wy, w) =| —whta(w,—w,) |, (86)

1 ”
—3€W;

(w1, wy, ws) € H | wi, wye L[0, h, ], andw;” € L0, 1]
D(A) =1 wi(0) =0, wy(hy) =3w;3(hy) +5w5(hy), wi(0) = Zw,(0),
andw,;(1)=0

It is clear that D(A4) is dense in H. We shall use the Hille-Yosida
theorem. Let 4 be a real number and let f € X. We shall study the problem

find w € D(A) solution of Aw+Aw = f, 87)

which corresponds to finding w € D(A) such that

wi+(a+A) w, —aw, = f, (88)
—wht(a+A) wy—aw, = f,, (89)
—lewi+iwy = f;, (90)

By a density argument we may assume that f;, f,, and f; are con-
tinuous. By elementary methods it is easy to obtain the general solution of
System (88)—(90).

We shall now prove that (w;, w,, w;) satisfies

1
wll, <5 —5 lf1l,  ¥A>2 on

where ||w||, is a norm equivalent to the norm ||- || to be precised later.
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Let ¢,, @,, and ¢@; be three positive functions (of x only) to be precised

later. Multiplying Eqgs. (88)-(90) respectively by ¢,w; , @,w,, and @,w;,,
integrating by parts, and using Cauchy—Schwarz inequality, we obtain

a+2 1,
J[T(ﬂl_i(ﬂl]”ﬁ ((plwz o
f w+f +1 w3 ( wi)h
2(P12 2(P2 24’2 27 P2W3)o
1 .
___[§02W1+f A P3— 4§03 3+ 6{%(”’3) +- (§03W30 E((P3W3W3)0
<o [0S [ 0345 [ 0313 ©2)
Sop) T ) TR 2Ty ) T
On the other hand we have
?,(0) w3(0) = @,(0)(W3(0) —w3(hy)) + @,(0) wihy)
h ,
wiO) —wih) =2 " (=wow2)

=2 <le faWs, +ch21 wiw, —(a+ 1) jzl w§>

1

< fills+a [ wi

Pluging this in (92), we obtain

j[“;iwl—%¢k—§whm)—¢xm)—§¢z}w?
[ 2402 2<ﬂ1}w2+f[ s — 4(/J’3’]W§+%ef¢3(W’3)2
5[(@W@HWM)%M)%@WM)

+( =570 =20 w10 |

1 1 ]
<ﬁf¢1f%+ﬂfcpzf§+ﬁ(cpz(O)_%(o))Jf§+ﬂf¢3f§ ©3)
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We shall construct ¢,, ¢,, and @, such that they are positive functions,
have lower and upper positive bounds independent of A and such that

a+Ai 1

> ¢ — 2(/71 ((/72(0) %(0))_ ©,>4,>0
a+4 1
3 (P2+2(P2 2¢1>A2>0

A € ,
§¢3_1¢3>A3 >0

?:(0) =@, (h) —95(0) > 4, >0
—5 P40 —3(0) > 45 >0

where A4,, 4,, A;, A,, and A5 are positive constants independent of A. It is
possible to construct ¢,, ¢,, and ¢;, positive, independent on 4, and
bounded below and above by positives constants, satisfy

a+ 1 A
) —Q P1— 2‘?1__((?2(0) ?5(0))— 2?2 2‘?1

a+2 1 A

> §02+2(P2 2§01 2(P2
€ , ¢k
—5(,03:?%

and such that all of the above requirements are satisfied and such that
@, < ¢,(0). Here k is a positive number whose value is determined by the
last condition in the set of requirements. We then conclude that:
I, < 225 111, ¥4 > 2, where [wll, = | @3 +] g;wi+{ @ywi. The proof
of the theorem is then a consequence of Hille-Yosida theorem.

4.2. Asymptotic Analysis of the Coupled System

As in Section 3.2 we shall assume that there are nonegative constants g
and /4 such that: lim,_,  g(¢) = g and lim, , , A(¢) = . We shall also assume
that ah, > 2 (a =1). Then we have the following result about the large time
behaviour of the solution of the coupled problem (79)—(85).

Theorem 4.2. Assume that u,, v,y € L*[0,h,] and p, e L’[0,1].
Then the solution of the coupled problem (79)—(85) converges as ¢ tends to
+ oo to the solution of the corresponding steady problem.
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Proof. As in the previous paragraph, without loss of generality, we
may assume that g=g(¢t) =0 and 2= h(z) =0. Let (u,, v,, p,) denote the
solution of the steady problem corresponding to Problem (79)—(85). Such
steady solution exists and is unique. Let i, 7}, and p, be defined as follows

171 =U; — U al‘ld 171 =0, — U, X € ]0, hl[, t> 0, (94)
ﬁg=pg_psa XG]O, 1[: t>0:

where (u,, v, p,) is the solution of the coupled problem (79)—-(85). We then
have

%Jr%:a(al_al), xe]0,m[, t>0, (CH))
ot  0Ox
%—%za(ﬁl—ﬁl), XE]O, hl[a t>07 (96)
ot 0Ox

_ _ 1/_ €0p
ul(t9 0) = 0 Ul(t3 hl) =§<pg+§%>(l‘s hl)a t> 09 (97)

op, €0p,

Lo 2P0, xel0 Il 1>, (98)
Pe(,0)= 20,00 p(t1)=0, 10, 99)
0x €

al (05 ' ) = 1’710 171 (09 ' ) = 1710 p_g(O’ ) = p_gO' (100)

We shall omit the bar sign. Let ¢,, ¢, and ¢; be three nonegative
functions independent of ¢ to be precised later. Multiplying Egs. (95), (96)
and (98) respectively by ¢@,u;, ¢,v, and @;p,, integrating over [0, 7]
respectively [0, 1], using Cauchy-Schwarz inequality, and combining the
resulting inequalities, we obtain

d hy 1 I
%[ fo (fﬂlu?+¢zv3)+f0 ¢3P§:|+jo (=@ +a(p,—@,)) u?

5

€, op, \!
+§(<ﬂ3p§)é <<ﬂ3pga >+((p1u1 P, <0 (101)

+j (9o +a(p, — (ﬂl))v +€I (Ps
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Using the coupling boundary conditions, we obtain

0
2 (710 22042010 5,0 F )

- _g ?5(0) p(0)+95(0) p,(0) v, (0)

< —§ ?5(0) p2(0)+3(0) p3(0)+95(0) v3(0) (102)

Combining (102) and (101), and assuming that ¢,(%;) = 0, we obtain

d h 1 A
E[ Io (¢1u%+¢20%)+_[0 (p3p§i|+‘[0 (_(p1x+a((/’1_(p2)) u%

z v |op|> et
+J0 (@2 +a(e, — @) U%+€jo @3 6_): _Efo (Psl’;

+0,00) w0) + (92(0) — 95(0)) v0) +< 5 940) —%(0)) pi0)

<0 (103)
We shall construct ¢,, ¢, and ¢, such that

— @i tap,—ap, =k, on ]0,A4[
o tap,—ap, =k, on ]0,A4[

e , €k
_E(P3=7(P3 on ]0,1[,

#2(0)—¢5(0) >0

5 94(0)=95(0)>0

where k, and k, are positive constants. It is then possible to choose
k, >0, k, >0 and k>0, and construct ¢,, ¢,, and ¢, positive functions,
bounded below and above such that all of the above requirements are
satisfied. The conclusion of the proof of the theorem is then a consequence
of Gronwall lemma. We then obtain the exponential decay as ¢ goes to oo
of the solution (u,, vy, p,).
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4.3. Convergence Analysis of the Transmission Time
Marching Algorithm

In this paragraph, we shall propose an algorithm for the solution of
the coupled problem (79)—(85). We then prove that the resulting algorithm
converges. We shall make the same assumptions under which we obtained
the large time behaviour for the coupled system. Namely, we assume that
there are nonegative constants g and % such that: lim,_ , g(¢) =g and
lim,_, , A(¢) =h, and ah, >2 (a=1)).

Here we will not apply the transmission time marching algorithm
directly to the problem (79)—(85). We instead apply this algorithm to an
equivalent problem. The problem (79)—(85) is equivalent to the following
moments formulation

o Om o e m[. >0 (104)
ot 0Ox
o P . xeO.m[, >0 (105)
ot Ox

1
5 (pl(t, 0)+ml(t’ 0)) = g(t)a pl(t’ hl) = pg(t’ hl)ﬂ > 09 (106)

op, 1 angz

a2 ox

0, =xel0,1[, ¢>0, (107)

2
% (6,0)= =Zm(t,0), (6, )=h(r), >0, (108)
X

pl(Oa ) = Ujp + Uy, ml(tr ) = Ujo — V1o, pg(ta . ) = pg07 (109)

where p, =u; +v, and m;, =u, —v,. Here, without loss of generality, we
assume that g = g(¢) =0 and 4 = A(¢) = 0. If we apply the transmission time
marching algorithm to Problem (104)-(109), we obtain

n+l__ . n n+1

Pi p,+dm,

= 11
At dx 0 on ]O’hl[a ( O)

mn+1_mn dpn+1

’At ! d’x =—am!™' on 10,A][, (111)

pit(0)+miT(0) =0, p*i(h)=p;*(h) (112)
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n+1 n 1 d2 n+1

Pg —Pg
=0 0,1 113
e on 10,1, (113)
d n+1
Lo w)———mmm po(1) =0, (114)
0__ 0 __ 0 __
Pi = U+ Uy, m; = Uy — Vi, Pe= Pgo- (115)

The convergence of the algorithm (110)—(115) is stated in the following
theorem.

Theorem 4.3. The algorithm (110)—(115) converges as n tends to co.

Remark. We observe that applying the transmission time marching
algorithm to either the original problem (79)—(85) or its equivalent moment
formulation (104)—(109) yields the same solution. However, it turns out
that the analysis of the algorithm (110)—(115) is technically easier than the
one obtained by using a direct application of the transmission time march-
ing algorithm to Problem (79)—(85).

Proof. Introducing the notations ¢ =+, b=a+c, p,=p;*', f,=p},
m=m;*', gg=mj, p,=pi*', and f, = p%, the algorithm (110)~(115) be-
comes

cpl+m;=c.fl on ]07 hl[: (116)

bm +pi=cg  on ]0,h[, (117)

pi(0)+m(0)=0,  pi(h) = p,(h) (118)
1 d*

CPs—5€ dxf=cfg on ]0,1[, (119)

p(0) = —2ag,(0),  p,(1)=0, (120)

Let ¢, and ¢, be two positive functions to be precised later. Multi-
plying Eq. (116) by ¢,p;, and Eq. (117) by ¢,m,;, adding the resulting
equations, and using Cauchy—Schwarz inequality, we obtain

m(c c 1,
j <2§91 2(/71>P1+f << §>(p1_§(pl>mlz+(ml¢lpl)gl

< ["oi(fi+ed (121
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On the other hand multiplying Eq. (119) by ¢,p,, integrating by parts
and using Cauchy-Schwarz inequality and the boundary conditions, we
obtain

1/¢ 1, € 1 , | 1 ,
[, <5¢2 —Ze%) pits |, 220 =7€04(0) 0)+5 €9:(0) pi(0) p,(0)
c rl 5
SR (122)

Using the coupling boundary conditions, we get

|2€02(0) p(0) p,(0)] = |9,(0) £/(0) p,(0)] < 30,(0)* g7(0) +5 p(0)  (123)

For the term ¢, (k) m;(h,) p,(h,), we first have
h , h ,
mi(h) =m(O)+[ "mi,  pih) = piO)+] " pi
Using Cauchy-Schwarz inequality, we then obtain
hl ’ ’
Imy(y) py(hy)| < mi(0) + p7(0) +hy '[0 ((m)*+(p)?)
h
<mi0)+ pi0)+ 20| [ (@ f1+ phy+ (i) |

Hence using the boundary conditions we have

@1(hy) |my(hy) pi(ho)
h
<201(0) P10+ 2, )| 1 @sT4pD+Emieee) | 29
Combining (121), (122), (123), and (124), we then obtain
"€ o =L ot —ompny e ) pra [M((=E L o 2k, () b7 ) m2
jo 2¢1 2‘?1 1P1\) ¢ ) P fo 5 P 2(P1 191U m;
1/ ¢ I )\ , et O )
+f0<§¢z— Ze¢z>pg+§fo P2(P)" =4 €02(0) p,(0)

1
+ €02 (0) p(0) p,(0)+¢,(0) p7(0)
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h(c
<200 i)+ ]! (§ 014260 () ) £7
hfc cr!
+, <5¢1 +2c2h1<p1(h1))g%+§j0¢2f§ (125)
We shall now construct ¢, and ¢, such that
c 1, ,_C )
51 —5 1= 2hei(h) ¢ > o1+ 2o (hy) ¢
2 2 2
c 1, ,_ € )
b_z §01_§(ﬂ1_2h1(ﬂ1(h1)b >§(p1+2h1q01(h1)c
1 2
®1(0)—2¢,(hy) > 5 ®3(0)
c 1 , c
§¢2_Z€¢2>§(92

1, 1
2 €p,(0) > 5

We first consider the equation
—jeps=4

where A is a positive constant. The solution is given by
' 2 .,
P2(%) = @:(0) +95(0) x —— Ax (126)
So if we choose for example

, 3
PO=-> A=
€

N ™

3
then ¢,(x) =(p2(0)—gx—x2>c1 >0 (127)

and if (p2(0)=<§+3> then ¢2(x)>§(1—x)+(1—x2)+2>1
€ €
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We shall choose ¢, in the form

¢1(x) = ¢,(0)—2Bx
B=a(b*+c?) ho,(h) a>0
@1(h) = ¢,(0)—2Bh,
=¢,(0) _2“(b2+02) h%(pl(hl)

(128)

o(hy) = 2) h% #,(0)

14 2u(b*+c
Hence we have

@1(x) = ¢,(0)—2Bx

=¢,(0)—2a(h*+c 0) x

1
2
W e

=0,(0)( 1=20(b*+c*) h ;x

! "142a(b%+c?) B2

>0 for ¢,(0)>0 (129)

We want ¢, (0) to satisfy
?1(0) > 29, (b)) +3 ¢3(0)
We then choose B such that
B> 2(b*+c?) hyo,(hy)

This condition is satisfied if o > 2. Hence we have

2

%(0)(1—m

>>§¢%(0)=§(3a+3)2

Since ah, > 2 (h, > 2¢), we have

1+2a(b*+c?) hi> 142«
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Therefore we have

1 2 > 2a >0
14+20(b>+c*) hi ~ 142«

So if we choose

1+2a(b>+c*) hi 1

et SO § 2
20+ =12 720

?:1(0)>

all of the requirments imposed upon the construction of ¢, and ¢, are
satisfied. We conclude then that the operator in (125) is contractant with a
constant of contraction less than 1. The proof of the theorem is then
established.

Remark. It is important to notice that the convergence of the
numerical algorithm is obtained under the same condition (ak, > 2) under
which we obtained the large time behaviour of the coupled system
(Theorem 4.2). There were no restrictions imposed upon the time step Atz.

5. CONCLUSION

In this paper we have provided a rigorous derivation of the coupling
of kinetic and their hydrodynamic limits for a simplified kinetic model. We
have proved global convergence of Chapman-Enskog expansion for this
model. We studied two types of coupling: the () and () models. For each
model we established the existence theory and the large time behaviour of
the solution. We also proposed algorithms for the solution of these models
and we established the convergence theory of the resulting algorithms.
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